Force-free coils have been considered for various applications as energy storage devices. A novel energy storage system consisting of both toroidal and poloidal coils has been developed. In this system, the Lorentz forces on the two coils are in opposition and can be made to cancel by having the proper ratio of ampere-turns in the two coils. A general discussion of force-free coil design is given,and the toroidal-poloidal coil system is described. The materials costs of magnets constructed with this and other geometries are compared. The conclusions are that conductor cost of this system lies between those of solenoids and toroids, and that the costs of structural material may be considerably less than either of these simpler coils.
2) The mechanical energy in the coil is a minimum when the coil is force-free.
3) The stresses in a force-free coil are tensile in character. In a conventional (nonforcefree) coil, the forces are both tensile and compressive.
4) The mass of a coil -designed so that the material of the coil is subjected to the maximum allowable working stresses -is directly proportional to the stress energy in the coil. An immediate corollary of this conclusion is that a force-free coil will lead to a structure with the minimum mass.
In order to illustrate this statement, Stekly calculated the mass of a structure of a conventional toroidal coil in which the winding is purely poloidal. He subsequently pointed out that such a coil has a mass three times that of a force-free toroidal coil associated with the same magnetic energy.
The standard procedure of estimating force-free fields is to look for current distributions in which the current is everywhere parallel to the magnetic field. This is the approach that has been followed here. However, an additional requirement has been introduced, viz., that only solutions leading to surface currents which can be easily produced in practice are selected.
II. FORMULATION OF DESIGN PROCEDURE
The starting point of the calculations is the basic equation for force-free criteria, 
As is well known, the above expression implies that the current is parallel to the field,
where a is a function of position which needs to be evaluated.
It is convenient to introduce a vector poten- In a similar manner, we define the vector potential in terms of toroidal and poloidal components T* and P* respectively. Therefore one finds:
The components of the magnetic field are found from The requirement of force-free fields together with Eq. 8 yields 
An immediate consequence of Eq. 10,which we rewrite as 2 is that any (3 j.) = fii^T 1 *) which satisfies Eq. 10' describes a force-free configuration. This important 
Multiplying Eq. 9 by sin 8, Eq. 10 by co.5 6, and subtracting one from other, we obtain 
If one writes 5 4jP* = a, then Eq. 14 can be integrated at once, where f (8) 
III. A REDUCED FORCE CURRENT DISTRIBUTION
The first two conclusions derived from the virial theorem were stated in the introduction:
1) OTien a system consisting of a coil and its associated magnetic field is in equilibrium, then the mechanical energy due to the electromechanical stresses in the coil cannot be less than the magnetic energy of the field, and
2) The mechanical energy in the coil is a minimum when the coil is force-fiee. These conclusions lead one to intuitively guess the current distribution which will yield a force-free coil. In the A poloidal surface current on a form produces a toroidal magnetic field which is completely contained inside the torus. This type of coil is subjected to an unbalanced mechanical force in the sense that the magnetic pressure acts on one side, viz., from the interior of the torus. For a purely toroidal surface current, the field is poloidal and is localized outside the torus. The direction of the mechanical forces on the torus are compressive for the toroidal current sheet and expansive for the poloidal current sheet. Hence, a surface current
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Substitution of Eq. 22 into hi). 16 indicates that
Coifs carrying toroidal current
Coil carrying poloidal current 
(26)
We now select the value of C so that the magnetic forces cancel on both sides of the toroidal shell. This is equivalent to
or from Eqs. 9, 10,and 11, 
where jg is the current per unit length at the rim of the torus. But, the current is a surface current, 
which yields C = 0, and j e = j $ = J 0 (R+a)6(p-a).
IV. FIGURE OF MERIT OF WINDING CONFIGURATION
The effective utilization of the superconducting material in the coil is expressed by the magnetic energy stored by the coil per unit mass of the conductor. To obtain a realistic,relative figure of merit for the material utilization in different coils, it will be useful to compare the coils on the basis of the magnetic energy stored.
The magnetic energy stored, E , is given by
where L is the inductance of the coil and I is the current. But the current is related to the current density j by Because of the idealized situation assumed here, vir., that of a very thin coil, the raixinwn inductance is not that for a Brooks coil , but The use of a superconductor is thus sliRntly less efficient than in a solenoid; however, this is more than compensated for by the economy of the mechanical structure.
v. iron, REINFORCING STRUCTURE
The above calculations for the current distributions needed to obtain a fore.;-free coil were performed on the basis of the c irent being concentrated on a surface (sheet). Actually, a toroidal form i I needed lo support the two sets of coils whicii carry the toroidal and poloidal currents. The two coils are therefore separated hy a distance equal to the thickness of the form.
\s . > result the forces are almost l>at not quite cancelled.
Before we estimate this imbalance, ue first n-.-ed to evaluate the thickness of the toroidal shell required to sustain the forces. Iron the vtrial t heo rem, on e oh tain*;
where J is the working e'astic stress in the •neiim'-. The stresses are increased by approximately 1/75 of the norncil working stresses.
An essential conclusion is that for the forcefvev else, the mass defined by V.t\. 43 is about 1/3 that for the mass needed in -J conventional coil.
-t
Indeed SteUy" has shown that for a regular coil 
(4 SI
On the other hand, {ov the force-free coil consisting of botii toroidal and solenoiiial coils.
To determine the inductance of a force-free coil, which will store the same energy as that stored in a conventional solenoidal coil, we must have a,
The current, therefore, must be reduced by the ratio . Using the values of Eqs. 36
and JO, we find that the factor is 1.18 (i.e., an increase of 18°O .
The cost of the dewar is the same as for a simple toroidal coil.
The cost of the support structure, however, is reduced appreciably. IVe had mentioned above that
Stekly predicted the mass of a conventional coil wound or. a torus to be 3.1 times bigger than that of Lne minimum mass. This factor comes close to the value of 3.0 found by Hassenzahl. For the force-free coil, it is taken to be equal to the minimum value.
Tlie cost estimates given for a force-free coil in Table I are based on B . = 8.0 T and a/R = 1/5. max These costs are compared to the costs of some conventional coils in Table II . 
